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LOCAL POWER SERIES QUOTIENTS
OF COMMUTATIVE BANACH
AND FRECHET ALGEBRAS

MARC P. THOMAS

ABSTRACT. We consider the relationship between derivations and local power
series quotients for a locally multiplicatively convex Fréchet algebra. In §2 we
derive necessary conditions for a commutative Fréchet algebra to have a local
power series quotient. Our main result here is Proposition 2.6, which shows
that if the generating element has finite closed descent, the algebra cannot
be simply a radical algebra with identity adjoined—it must have nontrivial
representation theory; if the generating element does not have finite closed
descent, then the algebra cannot be a Banach algebra, and the generating
element must be locally nilpotent (but non-nilpotent) in an associated quotient
algebra. In §3 we consider a fundamental situation which leads to local power
series quotients. Let D be a derivation on a commutative radical Fréchet
algebra R! with identity adjoined. We show in Theorem 3.10 that if the
discontinuity of D is not concentrated in the (Jacobson) radical, then R* has
a local power series quotient. The question of whether such a derivation can
have a separating ideal so large it actually contains the identity element has
been recently settled in the affirmative by C. J. Read.

§1. INTRODUCTION

The Singer-Wermer conjecture states that a (possibly discontinuous) derivation
on a commutative Banach algebra maps into the (Jacobson) radical. In establishing
a proof of this conjecture one first uses reductions of B. E. Johnson [Johnson| and
Thomas [Thomas2] to show that if the conjecture fails, then some commutative
radical Banach algebra A has an element = with finite closed descent (see Defini-
tion 1.10) and a formal power series quotient based at that z (see Definition 2.1).
Such a quotient is then shown to be impossible by constructing a finite subset called
a recalcitrant system (see [Thomas2| Definition 3.3]). Recalcitrant systems essen-
tially preclude prime-like properties, but they seem to require either finite closed
descent or a related condition such as a™ € a™A for construction.

Much the same strategy can be used to analyze a derivation on a locally multi-
plicatively convex Fréchet algebra. What is surprising is that the conditions nec-
essary for the existence of a formal power series quotient are not greatly different
whether one considers a Banach or Fréchet algebra (see Proposition 2.6), although

Received by the editors August 27, 2001 and, in revised form, October 18, 2002.

2000 Mathematics Subject Classification. Primary 46H05.

The author thanks Pomona College for support as a Visiting Scholar during the summer of
the Banach Algebras 1999 conference and the Centre for Mathematics and its Applications for
support during the Banach Spaces, Operators, and Algebras Symposium in January 2001 at the
Australian National University.

(©2003 American Mathematical Society
2139



2140 MARC P. THOMAS

such quotients are far more prevalent in Fréchet algebras where it is possible to
have locally nilpotent, non-nilpotent, elements.

The Fréchet and Banach algebras in this paper will generally be commutative.
Commutativity is essential in Section 2 since the kernel of § (see Definition 2.1)
needs to be an intersection of range spaces. The noncommutative version of Defini-
tion 2.1 requires handling the ideal generated by the commutators; this is probably
one contributing reason why the noncommutative Singer-Wermer conjecture has
remained unproven.

Throughout this paper we use the terms algebra, ideal, and subspace, in the
algebraic sense; that is, we do not assume that these substructures are closed.

In this paper A will denote a Fréchet algebra with topology given by an increasing
sequence of multiplicatively convex seminorms || - ||, in the usual way.

If A does not have an identity element, we extend each of these seminorms to
A? in the usual way; that is,

AL+ alln = Al + [lalln

for A € C and a € A. We can then let Z,, = {a € A* | ||al|, = 0} and let B,, denote
the completion of (A*/Z, , |- ||n). We will let m,, denote the natural map from A*
into B,,. We note in passing that Michael’s Theorem [Michael, Theorem 5.1] gives
an explicit realization of A* in terms of a projective limit of the B,,’s.

We now require some standard definitions concerning nilpotency, spectrum, and
torsion.

Definition 1.1. Let A be a Fréchet algebra. We say that an element a € A is
nilpotent if there exists n € N such that a™ = 0. We say that a is locally nilpotent
if for each N € N there is n € N such that ||a”||x = 0. If this is not the case, there
must exist some N € N such that ||a™||y > 0 for all n € N and we say that a is
nonlocally nilpotent.

If A is actually a Banach algebra, local nilpotency and nilpotency are equivalent.

Definition 1.2. We define the spectrum of an element a € A in the usual way:
o(a) = {\ € C | (\1 —a) is not invertible in A*};
and define the spectral radius in the usual way:
po(a) = sup{[A] | X € o(a)}.

Since the spectrum in a Fréchet algebra (unlike the case of a Banach algebra) need
not be compact, we allow p,(a) to take the value +oo.

Definition 1.3. Let A be a commutative Fréchet algebra and let a € A. For each
n € N the element 7, (a) is an element in the Banach algebra B,, so that o(m,(a))
is a nonempty compact subset of the complex plane. For ease of notation we denote
on(a) = o(m,(a)) for all n € N.

It is routine to check that o, (a) C 0y,41(a) and that

y
Vi < ma(@)lls, = llalln

max{|\| | A € o,(a)} = lim ||7Tn(ai)|

for all n € N. It is also the case that o(a) = |, on(a) (see [Michael, Theorem
5.3]).
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Definition 1.4. Let A be a commutative Fréchet algebra and fix an element a € A.
We define the set of torsion elements (with respect to a) to be

T(a) = {v e A* | a"v =0 for some n € N}.

It is routine to check that the torsion elements form an ideal of A* (which is generally
not closed).

Definition 1.5. Let A be a commutative Fréchet algebra and fix an element a € A.
We define the height of an element v (with respect to a) to be

h(v) =0 if v & a.A* |
h(v) =nif v € a"A* — a1 AP
and

h(v) =0 ifv e ﬂ a" A*
n=1

We note that since a1 A" C a™ A, the set Ny a A? of elements of infinite height
is also equal to (), a™A. It is routine to check that the set of elements of infinite
height forms an ideal, but one important feature of this ideal is that it has a Fréchet
topology 7, which is (formally) stronger than the original Fréchet topology 7 on
A, namely the topology generated from the range space topology on each a™ A. A
sequence {v;}52, converges in ()2, a"A if and only if for each n € N it is the
image (under multiplication by a™) of a convergent sequence in .A.

There is a relationship between torsion elements and divisibility.

Definition 1.6. Let A be a Fréchet algebra and fix an element a € A. We say
that a subspace H of A is a-divisible if for every A € C we have (A —a)H = H (if
A is noncommutative, this is usually qualified as “left-divisible”). There is always
a largest a-divisible subspace, which we will denote D, (which might be {0}).

Lemma 1.7. Let A be a commutative Fréchet algebra and let a € A satisfy T (a) C
aA. Then

(i) the ideal of torsion elements T (a) is a-divisible,
(i) a(MoZ, a"A) = (Mpzy a™A).

Proof. First note that 7 (a) is closed under division by a; that is, if aw = v, then
v € T(a) implies that w € 7 (a). This shows that a7 (a) = 7(a). Let A € C
be nonzero and let v € T (a). There exists n € N such that a"v = 0. Choose
polynomials p and ¢ so that p(x)(A — x) + ¢(x)z™ = 1. Let = a and apply this
polynomial equation to v,
v =pla)(A = a)v +q(a)a”v = (A - a)(p(a)v).

This shows that (A—a)7 (a) = 7 (a) for all A # 0, completing the proof of (i). Now
let v € (N,—; a™A). Hence there exists v,, € A such that a™v, = v for all n € N.
It suffices to show that v € (), a™A). But, (a" 'v, —v1) € 7 (a). Since 7 (a) is

a-divisible, we can find w,, € 7 (a) such that a" tw, = a" tv, — vy for all n € N.
This shows that v € (,—, a" ' A) = (N,—, a™A), ending the proof of (ii). O

We will have to handle one special case involving closed range when A is a
Banach algebra in the next section.
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Lemma 1.8. Let A be a commutative Banach algebra. Let a € A satisfy a. A = a A
and T (a) C aA. There exists a constant K such that whenevern € N and {a™e; }32,
is a sequence satisfying ||a"e; — a™e; 1| < 27% for all i € N, we can find a new
sequence {a™ 1 f;}22, satisfying

(i) a(a""1f;) = a"e; for alli € N,

(i) |la™ 1 fi —a™ fisa|l < K27 for all i € N.

Proof. Since the range of the multiplication operator M, on A is closed, the open
mapping theorem guarantees the existence of a constant K such that whenever
x = ay we can find z such that z = az with ||z|| < K|jz|| and (y — 2) € N7 =
{we A aw=0} CT(a). We also have that a7 (a) = 7 (a) by Lemma 1.7.

Start the induction by letting fi = e so that a(a"~'f1) = a"e; and ||a"f; —
a"es|| < 271. By our above remarks we can find y € A such that ay = (a" f1 —a"e3)
and |jy|| < K271, with y — (a1 f; —a"les) = ha € N7 C T(a). Since T (a) is
a-divisible we can find go € 7 (a) such that a®~'gs = hy and, hence, a™gs = 0. Let
fo = ea — g2 and compute

a(a”_lfg) =a"es —a"go = a"es ,

[a" ' fi —a" " fol| = la" i —a"ea + 0" ol = [yl < K271,
and

1

la™f2 — a™es|| = |la(a™ €2 — a"ilgg) —a"es3|| = ||a"e2 — a"es|| < 272,

Continue replacing e;’s by f;’s until at the nth stage we have

a"fi=a"%e; fori=1,2,...,n,

la" 1 fi —a" il < K270 fori=1,2,...,(n—1),
and
la™ fr — a™enq1]] < 277

Again we can find y € A such that ay = (a" f,, — a"ent1) and ||y|| < K277, with
y— (a"f —a" tepy1) = hps1 € N1 C T(a). Since T(a) is a-divisible, we
can find g,1 € 7 (a) such that " 'g,41 = hny1 and, hence, a"g,41 = 0. Let
Jn+1 = €n41 — gn41 and compute

a(a" ! fag1) = a"eng1 — @"gny1 = a"eny1

[a™ = fr = @™ gl = " o — @™ ey + 0" gl = [yl < K277,
and
[a” fr1 — a"eniall = lla(a™ Tent1 — a™ 'gni1) — a"enial
= [[a"ens1 — a"enyal < 27D,
Induction now establishes the lemma. O

Corollary 1.9. Let A be a commutative Banach algebra. Let a € A salisfy aA =
aA and T(a) C aA. Then all ranges are closed (a™ A = a®A for all m € N), the
ideal consisting of the elements of infinite height (), a™ A is closed, and p,(a) > 0.
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Proof. Let n € N and y € a®A. We can certainly find a sequence {a"e;}3°,
converging to y satisfying ||a™e; —a"e;11|| < 27 for all i € N. Applying Lemma 1.8
n times gives us a sequence {g; }22; satisfying a"g; = a"e; and ||g; — gis1|| < K"27¢
for all # € N. Since lim;_,, g; = g for some g € A we must have a"g = y. Therefore
a" A = a™A. Since n was arbitrary, this shows that all ranges are closed. Therefore,

ﬁ a" A= ﬁmz ﬁ ar A
n=1 n=1 n=1

and, consequently, Lemma 1.7 shows that

a(ﬂ arA) = ﬂ anA.
n=1 n=1

If a were quasi-nilpotent, we would also have

A—a)([)arA) =) a4

for all A # 0 and the ideal consisting of the elements of infinite height would be
a-divisible. Since it contains the torsion elements 7 (a) and since a quasi-nilpotent
operator with closed range cannot be injective, the torsion subspace cannot be
trivial (i.e., 7 (a) # {0}). But a closed divisible subspace in a Banach space must
be trivial since if A is in the boundary of the spectrum o(a) of a, then (A—a) cannot
be surjective. This contradiction shows that a is not quasi-nilpotent and p,(a) > 0,
finishing the proof of the corollary. ]

We now have a number of related technical definitions which have been used
before (see [AllanI] and [Allan2, Introduction and Section 2]) and which will be
important in the subsequent sections.

Definition 1.10. Let a be an element in a Fréchet algebra A.
(i) We say that a has finite closed descent if there exists n € N such that
a™ € ant1 AL
(ii) We say that a has locally finite closed descent if for every N € N there
exists n € N such that a" € a”“AuN (the closure is taken in the Nth
seminorm). Note that if A is not a Banach space, n in general will depend
on N.
We remark that if Definition 1.10(ii) holds, it is easily checked, as a consequence of
the submultiplicative property of the seminorms, that
a" AP C a”+1.AﬁN = aa”.AﬁNN C a"—AﬁN.

Taking closures of the above chain of containments with respect to the Nth semi-

——N
norm shows that multiplication by a on a®A# has || - || y-dense range. It is, then

— N
a routine induction to show that for every p € N, multiplication by a? on a™A#
has || - || n-dense range such that

N N - N
artr AL = qn AV and o"TP € gqntrtli Al

For the next definition we stress that we are not assuming that A4 is an integral
domain.
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Definition 1.11. Let A be a commutative Fréchet algebra. We say that an element
a € A divides b € A (and we write a|b) if there exists ¢ € A* (note the sharp) such
that b = ac. We say that an element a € A is prime if whenever albc, then either
alb or alc. We say that an element a € A is semiprime if whenever a|b?, then alb.

It is a consequence of [Readl] that every semiprime element in a commutative
Banach algebra has closed range. With regard to formal power series, it is too much
to ask that the generator be prime (unless we are in the very special situation of the
coefficient algebra being an integral domain). We will therefore work with the less
stringent requirement of being weakly almost prime. The definition is unfortunately
less direct than one might like. Although the two concepts can easily differ in the
context of Fréchet algebras, it is an open question whether or not there exists a
weakly almost prime element of a commutative radical Banach algebra that is not
prime.

Definition 1.12. Let ¢ € A, k € N with & > 2 and {z1,22,...,2r} C A We say
that {z1,xa,...,zx} satisfies subdivisibility with respect to q if

qlzrxs for r <s

q2|xrx5xt forr<s<t

k—1
q |$1J)2...$k.

We say that ¢ is almost k-prime if whenever {x1,zo, ...,z } satisfies subdivisibility
with respect to ¢, then there exists {u1,us,...,ur} C A* such that

k
[ —qu)=o0.
j=1
We say that ¢ is weakly almost k-prime if whenever {1, za, ..., )} satisfies subdi-
visibility with respect to ¢, then there exists {u1,uz,...,ux} C A! such that
k
[z — qu)) € ¢F A%
j=1

Definition 1.13. Let p be an element of A. We say that p is almost prime if p*
is almost (k + 1)-prime for all k € N. We say that p is weakly almost prime if p* is
weakly almost (k + 1)-prime for all £ € N.

§2. LocAL POWER SERIES QUOTIENTS

We are interested in knowing when a commutative Fréchet algebra A® has a
(unital) algebra homomorphism € that is onto an algebra of formal series with coef-
ficients in some commutative unital complex algebra Ag. We will use the notation

(oo}
A[[XN = aiX" | ai € Ao}

i=0
for such an algebra of formal series. If the kernel of 6 is the ideal J, then 6 factors
through 7 as an isomorphism 6~ from A*/ 7 onto Ao[[X]]. We do not, at this point,
assume any topology on Ag. Unfortunately, if we put no restrictions on 7, there
may be some very ill-behaved isomorphisms (see [Dales-McClurd, Theorem 2.3])
even in the case where Ag = C.
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If there is a unital algebra homomorphism 6 from A" onto Ag[[X]] with the kernel
of § equal to J and associated isomorphism 6=~ from A*/J onto Ag[[X]], then some
element x must be mapped to the indeterminate X, and since X is not invertible
in Ap[[X]], it must be the case that x is not invertible in A*. If §(z) = X, then,
considering the ideal consisting of the elements of infinite height (with respect to
z), it is clear that ();—,2".4 must be contained in the kernel J since X has no
elements of infinite height in Ap[[X]]. Since (;—,2"A has a (formally) stronger
Fréchet topology, it is therefore natural to investigate the special case where the
kernel of @ is precisely the ideal consisting of the elements of infinite height (with
respect to x). We call this a formal power series quotient based at « and refer to x
as the generating element.

Definition 2.1. Let € A and suppose that the ideal generated by z, namely
rA* is a nonzero, proper ideal of A (this excludes trivial cases). We say that the
commutative Fréchet algebra A has a formal power series quotient based at x if
there exists a commutative unital complex algebra Ay and a unital algebra homo-
morphism € onto Ag[[X]] such that the kernel of € is precisely the ideal consisting
of the elements of infinite height; that is,

Ou 1 (A*/ () 2" A) = Ao[[X]]

and #(x) = X. We say that a commutative Fréchet algebra A has a local power
series quotient if it has a formal power series quotient based at x for some x € A
for which the ideal generated by x is nonzero and proper.

We remark that Definition 2.1 generalizes to non-commutative Fréchet algebras
by replacing the kernel of 6 above, ()~ 2" A, by (.2, (C + 2™ A) where C is the
ideal generated by the commutators {zy — yz |  ,y € A}. However, this has the
unfortunate consequence that the kernel of 8 is no longer an intersection of range
spaces.

We require several lemmas. The first lemma, a somewhat more general Mittag-
Leffler theorem (see [Sinclair]) is proved by essentially the same method as in
[Thomasl, Lemma 1.1d], although the maps here are not assumed to commute.

Lemma 2.2. Let {X,}52 be closed subspaces of a Fréchet space (X, | - ||n) (with
|- 1ln < |- llng1) and let {pn @ Xnt1 — Xn}o2, be a sequence of continuous
functions satisfying:
(1) There exists a sequence of constants {C;}52, such that for all a,b € Xp41
and nonnegative integers p we have

ln(a) = @n(b)n+p < Crtplla — bllntp
form=1,2,....
(ii) mn DX, forn=1,2,....
Then the inverse, or projective, limit P = {(yn)51 | @nYn+1 = Yn forn=1,2,...}

is monempty and Wn(P)n D X, (where m, is the nth coordinate projection) for
n=12...

Proof. Without loss of generality, we may assume that C; > 1 for all € N. Fix
n € N and € > 0. Let z,, be any element of X,,. Choose x,,+1 € X, 41 such that
lonznt1 — znlln < €/(2"Cy). Continue inductively choosing @, 4pt1 € Xptpt1
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such that
1
H<Pn+pxn+p+1 - anrp”ner < 5/(2n+p+ Cﬁ-‘,—p)
for p=1,2,.... Given any nonnegative integer j, observe that

[on+jTntjst = Tntjllnt;
+ Z [Pn+Pntj+1 - PrtpTntptl = PrtjPntjtl - - Prtp—1Tn+pllntp
p=j+1
< lentjtnsjrr — Tntjlints

+ § CrpllPntjs1 - - PrtpTntprl = Prtjtl - - - Prtp—1Tntpllntp
p=j+1

Z +p||90n+pxn+p+1 = Tnppllntp

<Zc Te/(2mtPrict ) < e/(2M).

This shows that the sequence {¢nj ... @nipTnip+1}pe; is Cauchy (in p) in the
Fréchet topology of X (and X,;, which is closed). Consequently, there exists
Yn+j € Xnyj such that

Pntj - Pntpntp+l = Ynyj ASP — OO

for 7 =0,1,2,.... But if we also define y,—1 = ©p—1Yn > Yn—2 = Pn—2¥n—1Yn , - - -
Y1 = P1¥2 ... Pn—1Yn , then it is routine to show that (y;)5°, € P and m,(y;)52, =

Yn-
Finally, we can compute the nth seminorm distance from 7, (y;)52; and z, as

lYn — Tnlln < lm [l@n ... CngmTryme1 — Tnlln
m—00

< n}gnoo [ Z Pn - PrtpTntptl = Pn - - Prtp—1Tntpllntp

< Z [on - - PntpTnapt1 = On - Prtp—1Tntpllntp

[e e}

Z 2n+p+1 <e.

Since € > 0 was arbitrary, this shows that the closure in the nth seminorm 7, (P)n
contains X,,. O

Lemma 2.3. Let x be an element of a commutative Fréchet algebra A, let & denote
the coset containing x in the quotient Fréchet algebra Au/ﬂ 1x™A. Then either
there exists n € N such that

ok g ZhH A"
for all k € N (i.e., x does not have locally finite closed descent) or & is locally
nilpotent.
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Proof. Suppose that the first alternative fails and that no such n exists. Then for
any n € N we can find k¥ € N such that
ab € T AN = Z(aF AL

Our remark after Definition 1.10 shows that

" )nn

TP AR = xp(xkAﬁ)n = g(zktr-1 AL =x(zkAt) = aF AT

for p = 1,2,.... It is therefore possible to choose an increasing sequence {k,}>2
such that

x(xhnt Aﬁ)n = zFn AT
for n =1,2,.... Therefore, for each n € N, let
X, = ok AT

let ¢, be multiplication by x (which is a continuous function from X, 1 to X,)
and let C,, = ||z||,. Note that the hypotheses of Lemma 2.2 are satisfied, namely:

(i) For all n,p € N the difference in the (n + p)th seminorms has the correct

upper bound
len(a) = on(®)lntp = l[2(a = b)[[n+p < [|Zllntplla = bllntp = Crsplla — bllntp.

(ii) For all n € N, the maps have dense range

. i . .
on(Xnp1) = (@i AN =gk AT = ke A = X,
Lemma 2.2 can therefore be applied. In this case, it is easily seen that the image
of any canonical projection of the projective limit is simply the largest subspace
H C A* satisfying H = H (i.e., the subspace is divisible by the single operation
of multiplication by ), such that

H" D akn AF" D gkn A
for n =1,2,.... Since we must have H C ((°_, 2™A), it follows that
700 T
e T () 2
m=1

forn =1,2,.... This shows that % is locally nilpotent and completes the proof. [

Next we observe that the inductive construction (of what we called a recalcitrant
system) in [Thomas2] of sections 3.10a-3.10d can be reworded in our setting to
equivalently read:

Lemma 2.4 ([Thomas?2]). Let s be a non-nilpotent element of a commutative rad-
ical Banach algebra R* with identity adjoined (so that R* = C-1® R and R =
rad(RY)). Let {eq}aen be a sequence of elements in R such that limg, .o €05 = 5.
Fiz a positive integer k € N and choose k fized sequences {{\i;}1_,}52, satisfying

lim |>\i1>\i2 R )\ij| = +00
j—o0
fori=1,2,... k. Order the set of double indices {{ij}le}]‘?‘;l with the following

lexicographical order: i1j1 < i2j2 if either j1 < ja or j1 = j2 and i1 < ia. Once oyj
has been chosen, the element (Aij + (1 — Nij)eq,,) will be invertible in R*. Then, as
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long as the values {{cv;}5_1}32, are chosen to increase sufficiently rapidly as the
{{ij}i_1}52, increase in the lexicographical order, the elements

Si =S H(/\” +(1- /\ij)eou:j)
j=1

converge in R for i =1,2,...,k, satisfy subdivisibility with respect to s, and have
the property

k 1/n
I IT;— (si — sva)"||
) [k [1/n =+00

sup
n
for all choices of {vi,va,...,vp} C RE.

We note that the requirement in the above lemma that the {es}aen be in the rad-
ical R (and not simply in R*) is essential for the construction given in [Thomas2).
We wish to extend this result to radical Fréchet algebras, but the more stringent
requirement that the element be nonlocally nilpotent is necessary.

Corollary 2.5. Let R be a commutative radical Fréchet algebra with identity
adjoined (so that R = C-1@® R and R = rad(R*)) and let x be a nonlocally
nilpotent element of R satisfying

2™ € gmoR
for some mg € N. Then there exists ng € N, and elements {s1,2,...,8me+1} C R

such that {s1, 82, ..., Sme+1} satisfy subdivisibility with respect to £™° and

IILZ " (s = amowa) " _

su
R fametmer

for all choices of {uy,ua, ..., umer1} € R¥. Consequently, x is not weakly almost
prime.

Proof. Since z is nonlocally nilpotent, we can choose ng € N such that ||z ,, # 0
for all n € N. Let k = mo+1 and choose k fixed sequences {{)\ij}le};?‘;l satisfying

hm |)\i1)\i2 - /\”l = 400
j—o0

for i =1,2,...,k. We have, as a consequence of the Arens-Michael isomorphism,
a continuous homomorphism 7, (with dense range) from R into B,,, with kernel
In,- It is easy to verify that B,, is also a radical algebra with identity adjoined

since for all r € R
o0

{0} =0o(r) = |J oulr)
n=1
as noted in the discussion of the Arens-Michael isomorphism in Section 1. But
the spectrum is nonempty in each B, and so o,,(r) = o(mp,(r)) = {0} for all
r € R. This, together with the fact that 7,, has dense range, shows that 5,, is a
commutative radical Banach algebra with identity adjoined. Let s = (my, (z))™°.
Since ™0 € x™0 R, we can find a sequence { f }aen in R such that foz™0 — ™0 in
the Fréchet topology of R. If we let e, = 7y, (fo) for each @ € N, it will follow that
limy— 00 €48 = s in the norm topology of the commutative radical Banach algebra
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By, with identity adjoined. If {{a;}f ,}32, are chosen to increase sufficiently
rapidly as the {{ij}}_,}32, increase in the lexicographical order, then the elements

[e e}

s =a™° H()‘ij + (1 - )‘ij)f&ij)

j=1
will converge in the Fréchet topology of R and satisfy subdivisibility with respect
to ™, the conditions of Lemma 2.4 will be met, and the elements

Wno(si) =S H()‘ij + (1 - )\ij)eaij)
j=1

will converge in the Banach algebra topology of B,,,, and

H Hz 1 (g (83) — S’Ui)"Hl/n

=400
for all choices of {v1,va,...,vr} C By,. Remembering that for u € R, |jull,, =
|70 (1)]|, we conclude that given any k = mg + 1 choices {u1, ua, ..., ur} C R¥, we
can apply the above to v; = 7y, (u;) for i = 1,2,...,k and obtain
N 0 T o
w ematmer

Suppose now that z is weakly almost prime. Then z™° would be weakly almost

(mo + 1)-prime. However, the set {s1,s2,..., Smq+1} satisfies subdivisibility with
respect to 2™ and there would have to exist {u1,us, ..., Um,+1} C RF and u € R
such that

mo+1

[T (s —amous) = amolmotty,
i=1

n”l/n

But sup,, ||u Po (g (1)) is bounded in the Banach algebra B, contradicting

unm“%s—xmwan””

o fematmern

= 400

and showing that such a u € R* cannot exist. Therefore,  cannot be weakly almost
prime. U

We now have our result which establishes the main necessary conditions for
having a local power series quotient. We note that the seventh conclusion (vii) is
the most important since it shows that either z has finite closed descent and A*
has nontrivial representation theory, or 2 does not have finite closed descent, A¥ is
not a Banach algebra, and & must be locally nilpotent (but non-nilpotent) in the

quotient Fréchet algebra A*/(N>_, 2™ A.

Proposition 2.6. Suppose that the commutative Fréchet algebra A has a formal
power series quotient based at x, let 6 denote the surjective homomorphism for
which 8(x) = X, let O~ denote the associated isomorphism

(A [ =™ A) = A[[X]],
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and let © be the coset containing x in the quotient Fréchet algebra Au/ﬂfno:l xmA.
Then the following conditions hold:
(i) x is not nilpotent;

(ii) the torsion elements T (z) with respect to x are contained in (), ., ™A and
hence (2, 2™ A) = (2, 2" A);

(iii) (algebraically) Ay =2 A*/xA%;

(iv) if A contains an idempotent e different from the identity, and if e is not
contained in the kernel (2, ™ A) of 0, then by = 0(e) is a nonzero idem-
potent in Ay and ex # 0. Also, eA is a closed subalgebra of A and if we
define 0.(a) = 0(ea), we have the associated isomorphism:

Oce : (eA/ [ (ex)"eA) 2 (boAo)[[X]]

n=1

so that eA has a formal power series quotient based at (ex);

(v) either Ay contains nonzero idempotents other than the identity element or
whenever x = uv foru, v € A* one of {u,v} is invertible modulo the kernel
(N2, 2™ A) of 0 and, consequently, x is irreducible;

(vi) y is divisible by ™ if and only if 0(y) = Y peo yX"* satisfies yo = y1 =
.. =yYn—1 =0, and, consequently, x is weakly almost prime;

(vii) either x has finite closed descent and A* is not a commutative radical
Fréchet algebra with identity adjoined or A is not a Banach algebra, x
does not have finite closed descent, o(z) = {0}, and & is locally nilpotent
(but non-nilpotent).

Proof. Since f(x) = X and since X is non-nilpotent,  is non-nilpotent. This proves

(1).

Since Ap[[X]] has no X-torsion, it must be the case that 7 (x) is contained in the
kernel of 6 which is precisely (.-, ™.A. This means that 7 (z) C (., 2" A C zA
and an application of Lemma 1.7 establishes (ii).

Note that Ag = Ag[[X]]/ (X Ao[[X]]). Consideration of the preimages shows that

(oo} (o]

Affz AF 2= (AF) () 2" A) [ (@ AP () 2" A) [ = A[[X])/ (X Ao[[X]))
n=1 n=1

and establishes (iii).

Suppose that e is an idempotent in A different from the identity. If e &
Moy 2™ A, then 6(e) = by + > ;o b;X" is a nonzero idempotent in Ao[[X]]. It
is clear that b3 = by. We claim that b; = 0 for all i > 1. First note that by = 2bob;
since (e)? = 6(e). But, multiplying both sides by by yields bob; = 2bob; which
forces bpb; = 0 and, in consequence, by = 0. Suppose that we have shown that
by =by=...=by_1 =0. Then f(e) = by + Y ;0 b; X* and idempotence again
requires that b, = 2bgb,,. Multiplication by by again shows that bgb, = 2byb,, and
b, = 0. Induction now shows that 6(e) = by # 0, since we are assuming that e is
not in the kernel of §. This also shows that ex # 0, since 0(ex) = by X # 0. Hence,
boAp is a commutative unital complex algebra with identity by. Correspondingly,
eA is a subalgebra of A with identity e. It is closed, since it is the null space
of the multiplication operator M;_. on A where M;_.(a) = (a — ea). Define 6,
on eA by 0.(ea) = bpf(a), which is just the restriction of 6 to eA. This map is
clearly onto boAg[[X]]. If ea is in the kernel of 6., this means that ea € z™A for
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all n € N. Multiplying by e we have that ea € ex" A = (ex)"eA for all n € N.
This establishes the surjective homomorphism 6, and associated isomorphism 6,-..
Suppose that ez A = eA. Apply this n times to obtain that 2" (eA) = eA for all
n € N. But then e = ¢ € ed € (), 2" A, a contradiction to the fact that e is
not in the kernel of 8. We remark that this is where we need e € A rather than the
weaker assumption e € A®. Therefore, eA has a formal power series quotient based
at (ex). This establishes (iv).

Suppose that = = uv for some u, v € A*. Apply 0 so that we have X = 6(u)f(v)
and let the expansions be 6(u) = > ;o a; X" and 6(v) = > ;2 b;X". Computation
shows that apbg = 0 and aopb; + a1bp = 1. Consequently, one of {agpb1, a1bo}
must be nonzero. Without loss of generality, assume that agb; # 0. Multiply the
equation agby +a1bg = 1 by agb; and use commutativity and the fact that agby = 0
to conclude that

(a0b1)2 = agb% = aobl.

So eg = apb is a nonzero idempotent, and clearly X factors as (eg+ (1 —eg)X)((1—
e0)+eoX). However, if the only nonzero idempotent of Ay is 1, we conclude agb; = 1
so that

o0
b19(u) =1- Z(_blai)Xi-
i=1
If X # 0, then any element of the form A — 372, ¢; X" is invertible in Ay[[X]] as
follows:

()\ o Y)fl _ )\71(1 o (Afly))fl _ Z)\*(i‘%l)yi
=0

for any Y € X Ap[[X]]. The series converges since each ith power term of the result
only depends on finitely many terms of the sum. Hence, there exists y € AF such
that uy € (1+(),—, 2™A), so that u is invertible modulo the kernel of 6. In addition,
multiplying the above relation by v shows that zy = uvy € (v + (o, 2™A); so
there exists a € A such that xy = v + za or v = z(y — a) and, hence, z|v. This
shows that z is irreducible, and completes the proof of assertion (v).

Suppose that y € A and y = 2"z for some n € N and z € A*. Apply the
homomorphism ¢ and suppose that 6(y) = >, ysX* with yx € Ao for k =1,2,...
and 0(z) = > po; 2, X" with z;, € Ao for k = 1,2,.... Since y = 2"z, it must be
the case that Y ;o ysX* = 377 zk—n X" in Ap[[X]]. This can only happen if
Yo=y1 = Y2 = ... = yn—1 = 0. Conversely, if the series for 6(y) is of the form
D ren yr X", then it is clear that y € 2™ A" since 6 is onto and its kernel is precisely
N,-_, ™A which contains 2" A%, Let mg be any positive integer. We need to show
that 2™ is weakly almost (mg + 1)-prime. But the demonstration of this fact can
be done in exactly the same manner as the proof of [Thomas2, Theorem 2.25], since
we now know that an element y is divisible by z™ if and only if the first n terms of
its series A(y) vanish. Since mg was arbitrary, this shows that z is weakly almost
prime, finishing the proof of assertion (vi).

We finally consider assertion (vii). We have already noted that (A — X) is
invertible in Ap[[X]] if A # 0. This shows that for every A # 0 there exists uy
in A" such that

A—2)uy €1+ ﬂ " A,

n=1
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so, certainly,

A—2)uy €1+ ﬂ x" A.
n=1
Let a “dot” denote the coset in the Fréchet algebra A*/(°7 | zA. It follows that
(A — @)y = 1 for every A # 0, so that o(z) = {0}.
Suppose that for some seminorm || - ||, we have

* ¢_xk+1Au”

for every k € N. Let 7, be the canonical projection of the Arens-Michael isomor-
phism, and let B, be the corresponding nth Banach algebra (on which the || - ||,
seminorm is a norm). Since 7, has dense range, it must also be the case that

(T ()" & (10 (2))F+1B,,
for every k € N (the closure being taken in the Banach algebra B,,). For each
k € N we can choose a continuous linear functional ¢ in the dual of B, with
or((mn(2))*) =1, but

er((mn () 1 Bn) = {0}
For each k € N we can also choose a scalar Ag in the complex field sufficiently large

such that
k—1

el > O alllerlll(ra (@) N) + Ellell-
i=1
Since the homomorphism @ is onto, we can find an element a € A? satisfying
0(a) = Y52, M X" and for each k € N there must also exist by € A* such that
0(br) = > 721 A X", Since by, is divisible by 2%t modulo the kernel of 6, we have

b € 2" AP 4 ( ﬂ ™ A) C P AT

m=1
This forces ¢y (m, (b)) = 0. Since
k-1 9]
a€Na® + > Na' + b+ ([] 2™ A),
i=0 m=1

we have that

lexllllalln = or(mn(a))]

k—1
> [ Akl loor ((ma (2)))] = Z [Nl en ((mn (2))")]

k—1
> [Ael - 1= lllorllll(mn (@) | > Ellexll

i=1
for all k € N. Since each ¢y, is a nonzero functional, this forces ||a||,, to be infinite,
a contradiction. Lemma 2.3 then shows that & must be locally nilpotent.
Suppose that some power 2™ is contained in (,—, 2™A. Since

o0
™ e ﬂ ™A C gmotl Al C pmo Al

m=1
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this means that x has finite closed descent, which is the first alternative of (vii).
Suppose that z is locally nilpotent and let n € N. Then there exists m € N such
that ||z™||, = 0. This means that

oo
™ e ﬂ kAt C T,.
k=m
Since n was arbitrary, we conclude that 2™ € Z,, for all n € N, and that = must
be nilpotent, a contradition to (i). Hence 2 must be nonlocally nilpotent if some
power ™ is contained in (), 2" A.

Then if A* were a commutative radical Fréchet algebra with identity adjoined,
Corollary 2.5 would imply that z is not weakly almost prime, contradicting assertion
(vi) proved above. Therefore, if the first assertion of (vii) holds, it must be the case
that A* cannot be a commutative radical Fréchet algebra with identity adjoined.

If 2 does not have finite closed descent, we have already shown that & is locally
nilpotent, and that o(&) = {0}. If A were a Banach algebra, then & would have to
be nilpotent; that is,

oo
x™e e ﬂ ™A
m=1
for some mg € N. However, this forces x to have finite closed descent as we noted
above. Consequently, in the second alternative of (vii) it must be the case that A
is not a Banach algebra and & is locally nilpotent but non-nilpotent. This finishes
the proof of (vii) and the proof of the proposition. O

§3. DERIVATIONS ON RADICAL FRECHET ALGEBRAS WITH IDENTITY ADJOINED

In this section we investigate how deriviations can lead to local power series
quotients.

Definition 3.1. A derivation on a (possibly noncommutative) Fréchet algebra A
is a linear map D from A to itself satisfying

D(ab) = a(Db) + (Da)b

for all a,b in A. We emphasize that we do not require D to be continuous.

Note that a derivation D extends to A" in an obvious way by defining (if nec-
essary) D1 = 0. We now state a well-known result from the theory of automatic
continuity.

Lemma 3.2. Let D be a (possibly discontinuous) derivation on a Fréchet algebra
A. Let I be a closed ideal of A and let Q; denote the continuous canonical quotient
map from A onto A/I. For each k € N define the separating subspace of D* as

S(DFy={z€ A| 3z; — 0 in A and D"(z;) — z}.
If the codimension [A : I] is finite, then the following are equivalent:

(i) QrD* is continuous on I for all k € N;
(ii) QD is continuous on A for all k € N;
(iii) S(D*) C I for all k € N.
In the special case where A is actually a Banach algebra, any one of the above
implies the following condition:
(1) If I is a primitive ideal of A, then D(I) C I.
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Proof. Assume that condition (i) holds. Since a finite extension of a continuous
linear mapping on a closed subspace is continuous, it is clear that condition (ii) must
hold also. Clearly condition (ii) implies condition (i). Hence they are equivalent.
Assume that condition (ii) holds. It is fundamental (see [Thomasl], discussion on
results (1)—(3), pages 518-519]) that Q;D* will be continuous on A precisely when
Qr(S(D*)) = {0}. This will happen precisely when S(D¥) C I. Hence, condition
(ii) is equivalent to condition (iii).

Suppose A is a Banach algebra and assume that condition (ii) above holds. An
application of [Thomas3l Lemma 1.1] shows that there exists a constant C' > 0 such
that

|Q:D*|| < C*
for all k € N (it is not necessary for I to be primitive for this). Now, given that I
is primitive, apply [Thomas3, Lemma 1.2] and this shows that D(I) C I. O

It is natural to ask what the structure of D is like in the simplest possible
(nontrivial) case; namely, a derivation D on a commutative radical Fréchet algbra
R¥ = C- 1@ R with identity adjoined. Here rad(R?) = R, all elements r € R have
spectrum equal to {0}, and there is precisely one continuous strictly irreducible
representation 7 taking (Al + ) to A.

We are, of course, interested in the case where R is not invariant under D, and
hence, by [Thomas2], R* cannot be a Banach algebra. In addition, since R is
commutative, we can multiply D by a suitable invertible element in order to obtain
a new derivation which takes some element x in the radical R to the identity 1 in
RE.

Recalling Definition 1.6, there is always a largest z-divisible subspace of R,
which we will denote D, and which is easily seen to lie in R. By [Thomas2|
Lemma 2.8] the torsion subspace is z-divisible so that D, = () -_, 2™R. Since
o(xz) = {0}, and since the difference, (D(z-) — xD(-)), is continuous, we can apply
a basic result from the theory of automatic continuity on Fréchet spaces [Thomasl]
Lemma 1.2] to conclude that for every k € N there exists n(k) € N such that

L

z"S(D)" = z"MS(D) CD,"

whenever m > n(k). With this as motivation, we make the following definition.

Definition 3.3. With the commutative radical Fréchet algebra R, the (possibly
discontinuous) derivation D, and the element z € R as above, we define for each
k € N the set

Ekz{aERu|x”a6D_xkforsomen€N}

and we let £ denote the intersection of the closures

&= ﬁé’_k
k=1

It is routine to check that {€;};2, is a nonincreasing sequence of (not necessarily
closed) ideals of R* and that

k
o

Ex Qp_xk = ﬂ ™R .
m=1
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If we let Q) be the canonical continuous quotient map from R onto R* /D_xk, it
is clear that Q2™ ®S(D) = {0}. Therefore Qx2"*) D is continuous, and for each
k € N we can find (k) € N, larger than both n(k) (so that Quz** D is also

continuous) and & (so that D, 50 C D_xk), and C > 0 such that

(34) Q"™ Dyl < Cillyllery.

Since D(D,) C D, it must also be true that Qrz"® D(D,) C Qraz"* D, = {0}.
Therefore, from inequality (3.4), we see that

(k)

(3.5) Qrz"®D(D, ) = {0}

for k=1,2,.... Let a € &) such that there exists n € N with 2"a € D,
Leibniz property shows that

Qkxn-‘rn(k)Da _ kan(k)D(xna) _ Qk (nx"(k)'i'"_la) =0-0=0
f(k)

D, " . The

using equation (3.5), and the fact that D, D,". This shows that D&y C &k

for each k € N. Also, since 2"*)S(D) C Dx , we have S(D) C & for each k € N.
For each k € N let Ry be the canonical continuous quotient map from R¥ onto
R¥/E. Tt is easily checked that R;S(D) = {0} and, hence, Ry D is continuous for
each k € N. Since R D(Ey1)) = {0}, it follows that Ry D(Eyx)) = {0}. This shows
that D(Eyky) C & for all k € N. We are now ready to state our first lemma.

Lemma 3.6. With the commutative radical Fréchet algebra R*, the (possibly dis-
continuous) derivation D, and the element x € R as above, the set € is a closed
ideal of R with the following properties:
(i) &€ is D-invariant;
(i) the separating ideal S(D) is contained in E;
(iii) D drops to a continuous derivation D from the quotient Fréchet algebra
RY/E to itself and S(D*) C & for all k € N.

Proof. 1t is clear that £ is a closed ideal since each of the &’s is an ideal. Assertion
(i) follows from the fact that D(Eyx)) C & for each k € N. Assertion (ii) follows
from the fact that S(D) C & for each k € N. If R is the canonical continuous
quotient map from R* onto R*/&, then RS(D) = {0} and hence RD is continuous.
Consequently, since RD(E) = {0}, it must be the case that RD factors through
R!/E as DR where D is a continuous derivation from R /£ into itself defined by
D(a+ &) = (Da + &) for a € RY. This shows the final assertion, since S(D¥) C &
if and only if RD* is continuous; but RD* = D*R for k = 2,3,... and the maps
on the right-hand side are all continuous. O

At this point we are confronted with three possibilities (however, we will see
later that option (ii) of Proposition 3.7 cannot occur). Reconsider Definitions 1.1

and 1.10 with regard to R*/(-_, 2™R.

Proposition 3.7. Let R* be a commutative radical Fréchet algebra with identity
adjoined (so that R* = C-1® R and R = rad(R*)). Let D be a (possibly discon-
tinuous) derivation from R* to itself and let x € R satisfy Dz = 1. Then at least
one of the following occurs:

(i) S(D¥) C R for all k € N and, if R is a Banach algebra, then D(R) C R.
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(i) For some kg € N we have S(D*) ¢ R , x is nonlocally nilpotent, and x
has finite closed descent in R; i.e., there exists mg € N such that

™o ¢ gmotlRE = m ™R =D,.
m=1
(iii) For some ko € N we have S(D*) ¢ R, and if © denotes the coset & =
T+ o_2™R in R¥/(oo_, ™R, then i is locally nilpotent.

Proof. Suppose that assertion (i) holds and that R is a Banach algebra. Since R is
a primitive ideal of R¥ of finite codimension, Lemma 3.2 assertion (iv) shows that
D(R) CR.

Now assume that S(D*0) ¢ R for some kg € N. Apply Lemma 3.6 assertion
(iii). Since S(D¥) C £ for all k € N, it cannot be the case that £ C R. But then &
contains an invertible element, and, being a closed ideal, must contain the identity
element 1. This means that 1 € &; for all k € N. But if & C R, then & C R since
the radical R is closed. It must therefore be the case that 1 € & for all £k € N.
Hence, for each k € N there exists m(k) € N such that

(3.8) ONS

At this point we consider the coset & = = + (),-_; R in the quotient Fréchet
algebra Rf /(°_, 2™ R. If z is locally nilpotent, so is & and assertion (iii) holds.

If z is nonlocally nilpotent but @ is nilpotent, then 2™ € (°_, ™R for some
mo € N. Since D, = ()°_, z™R, the fact that

o)
™ €D, CxmotlRE C ﬂ MR
m=1
shows that assertion (ii) holds.
Finally suppose that x is nonlocally nilpotent and & is non-nilpotent. In this
o)

case, statement (3.8) as well as the fact that D, = _; ™R, shows that for each
k € N we have

| 2m®) 4+ () 2™ R || = 0.
m=1

This proves that & is locally nilpotent and establishes assertion (iii). O

The paper [Thomas2| (which handles the Banach space case) outlines necessary
modifications (on page 450) for Fréchet spaces, but is rather sketchy and does
not demonstrate that case (ii) of Proposition 3.7 cannot occur. We give the full
argument below.

First note that R*/D, = R*¥/('~_, 2™R has a natural p-adic topology T, with
local base at zero consisting of the sets of cosets

{"R+ ([ 2" R) }izs-
m=1
It should be emphasized that 7, is definitely not a Fréchet space topology. The
surprising fact is that finite closed descent (Proposition 3.7, case (ii)), or local
nilpotency (Proposition 3.7, case (iii)), both imply statement (3.8) and this is suf-
ficient to make the topology 7, complete.
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Lemma 3.9. Let RY be a commutative radical Fréchet algebra with identity ad-
joined (so that R* = C-1@® R and R = rad(R?)). Let x € R satisfy D, =
Noo_y 2™ R. Suppose that for every i € N there is m(i) € N such that

™ €D,

(this holds in cases (i) and (iii) of Proposition 3.7). Let {a;}2, be any sequence

of coefficients chosen from R to form the formal series S - apz®. Then there

exists an element y; € DI satisfying

(Mn41+(n—1) .
Y1 — ( Z aka:k> IS x”D_anr

k:ml

forn =1,2,3,.... Consequently, letting a “dot” denote the coset in the quotient
Fréchet algebra R/ (ine1 R, the series Z;O:ml axt® converges to g1 in the natural
p-adic topology T, on Ru/ﬂgj:l x™R. Consequently, every absolutely summable
series converges and (R*/D,., T.) is complete.

Proof. Note that each closed ideal D, is a Fréchet space in the relative topology.

For each n € N define the affine maps A,, : D, D, —D," as follows:

m
Ay =y + Z apx®( recall that 2™ € D_xl),
k=m1
ma+1
Asy = xy + Z apz® 1 ( recall that z™2 € D_xQ),
k=mo+1
ma+2
Asy = xy + Z apz® 2 ( recall that z™* € D_xs),
k=ms3+2

Mpt1+(n—1)

Any =y + Z arz®~ =Y ( recall that ™ € D, ).

k=m,+(n—1)
Note that Zm”fz(nl) D apab==1 ¢ D" for n = 1,2,.... Since zD, = D,, we
have
—_— N
Aann+1 2 AnDzn - Dxn
for n =1,2,.... In addition, since each A,, is affine, we have that

[ Ana — Anb”ﬂﬂ) = |lz(a - b)HnHJ < ||$Hn+pHa - b||n+p

for all a,b € D_an and p=0,1,2,....

Lemma 2.2 above, with C; = ||z||; and X,, = D, , shows that the inverse, or
projective, hrnlt P = {(yn)221 | AnYn+1 = yn for n = 1,2,...} is nonempty and
that 7Tn(P) =D, (where 7, is the nth coordinate projection) for n = 1,2,....
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So, let (y,)52; € P and compute

m2

y1= A =aya+ Y apat,
k=m-
ma+1 ms3+1
yo = Aqys = zy3 + Z arz® ' and hence Yy = x2y3 + Z akxk,
k=mqo+1 k=m-
mg+2 mga+2
ys = Asys = zys + Z arz® 2 and hence Yy = x3y4 + Z akxk,
k=ms3+2 k=m-
Mp41+(n—1)
Yn = AnYni1 = TYnt1 + Z akxki(nil)v
k=m,+(n—1)

My t1+(n—1)
and hence y1 = 2" yp41 + Z apz”.

k=m1
This shows that
Mpy1+(n—1) L
Y1 — ( Z akxk) S x"DxM_
k:m1
for n = 1,2,.... Note that if we had started with a different element (y},)°; €

P, we would have that (y1 — y]) € (oo 2™R; s0 11 = ¢4 in R¥/ (N o_; 2™R).
Therefore, the series Z:’;ml apd® converges to 9, in the natural p-adic topology 7,
on RY/ N-_, z™R. The fact that completeness is equivalent to every absolutely
summable series converging is well known. This finishes the proof of the lemma. O

From this point on we can follow either [Thomas2, Proposition 2.18 to Proposi-
tion 2.24] or [Zariskil Lemma 4] almost verbatim to establish our main result.

Theorem 3.10. Let R! be a commutative radical Fréchet algebra with identity
adjoined (so that R¥ = C-1®R and R = rad(R¥)). Let D be a (possibly discontin-
uous) derivation from RY to itself and let x € R be any element with Dx invertible
in RE. Then at least one of the following occurs:

(i) S(D¥) C R for all k € N and, if R is a Banach algebra, then D(R) C R.

(ii) R* has a formal power series quotient based at x, x does not have finite
closed descent, R is not a Banach algebra, and if £ denotes the coset con-
taining x in the quotient Fréchet algebra Ru/ﬂzle ™R, then & is locally
nilpotent (but non-nilpotent).

Proof. Since Rf is commutative and Dz = u with u invertible in Rf, we can
replace D by the derivation D (where D is defined by D(v) = u~'D(v)). Note
then that D(z) = 1. We will now drop the “tilde” and write D for D. We apply
Proposition 3.7. If assertion (i) holds, we are done.

Now assume either assertion (ii) or assertion (iii) holds. Since statement (3.8) is
then true, we have that (R /Dz,T:) is complete as a consequence of Lemma 3.9.
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For & € R¥/D,. define

6(a) = i((—l)ka(a)xk +Dz) |

k!
k=0

the series converging as a consequence of the completeness. It is easily checked that
6 is both a unital algebra homomorphism and projection of Rf/D, onto a unital
subalgebra Ao of R*/D, = R*/(-_, 2™R. In addition, the kernel of 6 is precisely
i#(R¥/D,), and D o § = 0. We have already remarked that the derivation D leaves
D, invariant; so it drops to a derivation D from Rf /D, to itself. One then defines
an algebra homomorphism

from R¥/D, into Ap[[X]]. It is clear that this homomorphism is onto. The fact
that the kernel of 0 is #(R*/D,), together with Dz = nz"~! for all n € N show
that the homomorphism is injective.

Finally, apply Proposition 2.6(vii) and the fact that R¥ is a commutative radical
Fréchet algebra with identity adjoined to show that the first alternative is not pos-
sible and that the second alternative must hold (that is,  cannot have finite closed
descent, R is not a Banach algebra, and & is locally nilpotent but non-nilpotent).
This demonstrates that assertion (iii) rather than assertion (ii) of Proposition 3.7
must have held, and finishes the justification of option (ii) of our current theo-
rem. ]

At one time the author believed that condition (i) of Theorem 3.10 was true for
both Fréchet algebras and Banach algebras. A recent example in [Read2] shows
that there exists a radical Fréchet algebra R of formal power series with a locally
nilpotent indeterminate X which has a discontinuous derivation D on its unitization
R¥ such that D(X) = 1 with the separating ideal S(D) equal to the entire algebra
R*. This example shows that condition (i) may fail for a Fréchet algebra, and hence
condition (ii) is not vacuous.
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